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Leakage and Resonance Characteristics of Radiating
Cylindrical Dielectric Structure Suitable for

Use as a Feeder for High-Efficient
Omnidirectional/Sectorial Antenna

Songxin Qi and Ke Wu,Senior Member, IEEE

Abstract—A class of new radiating cylindrical dielectric struc-
tures are proposed for use as a feeder for high-efficient om-
nidirectional/sectorial slotted arrays that are suitable for high-
frequency wireless systems. A simple and efficient model on
a scheme of the method of lines is developed and used for
analysis of these composite cylindrical dielectric elements that
have various rectangular and trapezoidal cross sections. Good
agreement between calculated and measured results is observed,
which validates the proposed modeling technique. Leakage and
resonance characteristics are presented, and they reveal some
interesting features for design of new beamforming networks
or circuits using the new structure. Results and discussion are
focused on the properties of low-order leaky resonant modes.
Influences of various parameters of the structure on leakage loss
and resonant frequency are shown in detail for design purposes.

Index Terms—Antenna feeder, dielectric resonator, leaky wave,
numerical modeling.

I. INTRODUCTION

T HE ever-increasing demand for high-efficient, high-gain,
low-profile, and low-cost antennas required by high-

speed wireless systems has stimulated a great deal of interests
searching for various feeder structures. These systems may op-
erate at millimeter-wave frequencies, e.g., customer promises
equipment (CPE) for local multipoint distribution service/local
multipoint communication service (LMDS/LMCS), short-
haul personal communication systems/local area networks
(PCS’s/LAN’s), and collision-avoidance sensor. Although
planar techniques present a number of advantages, namely,
low-profile, lightweight, and conformable geometry, they
suffer from inherently significant ohmic loss at millimeter-
wave frequencies, especially in connection with a high-gain
requirement. This deficiency greatly reduces the radiation
efficiency, and also degrades the noise performance of a
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receiver system [1], [2]. In parallel, a leaky-wave structure
derived from the nonradiative dielectric waveguide (NRD-
guide) [3] has been shown to offer a number of unmatched
advantageous features in the design of an antenna feeder for
use at higher frequencies due to its low loss, very flexible
radiation characteristics, and mechanical simplicity [4], [5].

Over the past years, various leaky-wave NRD structures or
similar radiating elements have been proposed, such as routing
the dielectric strip close to the open-end of a metallic plate in
[6], using a trapezoidal strip to cause a radiating mode in [7],
adopting a periodic array of grooves on the upper surface of
dielectric strip in [8], modifying a dielectric-inset structure
with a double-strip grating in [9], and relocating an NRD
resonator in the proximity of the open aperture (unidirectional
dielectric radiator) [4], [10]. All these measures are actually
stemmed from an appropriate geometrical modification of the
uniform NRD-guide or resonator. In this paper, a new class
of leaky-wave-related cylindrical dielectric resonant structures
are proposed for use in the design of feeder for cylindrical
slotted-array antennas operating at millimeter-wave frequen-
cies. Theoretical analysis and experimental verification are
presented for showing technical features of the new structures.
In particular, complex resonant frequency and its parametric
effects are obtained for a number of the radiating elements
shaped for various design purposes.

II. M ODELING OF NEW RADIATING STRUCTURES

A. Description of the Proposed Radiating Structure

As shown in Fig. 1, cylindrical dielectric structures with
various rectangular or trapezoidal cross sections are sand-
wiched between two parallel conducting plates, as in the case
of an NRD-guide. This cylindrical geometry may be in the
form of a multilayered composite ring. In such an arrangement,
the structure has two possible states, namely, trapped and leaky
states, depending on the operating modes and geometrical
design. In a leaky state, a certain portion of electromagnetic
energy leaks continuously away from the resonator along the
radial direction. In other words, the radiation takes place
omnidirectionally over the cross section. Fig. 1(a) and (b)
shows two potential geometrical arrangements for designing a
multistacked leaky-wave feeder for microwave and millimeter-
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(a) (b) (c) (d)

Fig. 1. Cross-sectional view of a class of potentially radiating cylindrical composite dielectric-resonator structures for use as a feeder for cylindrically
slotted-array antennas. The proposed resonators may consist of rod and ring topologies. (a) Multistacked regular shaped resonator. (b) Multistacked trapezoidal
resonator. (c) Regular resonator with air gap. (d) Trapezoidal resonator with air gap.

wave antennas. In Fig. 1(c) and (d), an air gap is intentionally
designed between the dielectric resonator and one of the
metallic plates, which is in direct connection with the degree
of such a leakage as well as resonant modes [11]. In this
way, all the trapped modes can be converted gradually into
the leaky states, which is very important to design the signal-
feeding architecture for the antenna array to yield and expect
beamforming performance.

Such leakage characteristics may allow one to design a
feeder of cylindrically conformable slotted-array antennas for
millimeter-wave applications if the leaky-mode resonator is
placed at the center of such a cylindrical disk. As shown
schematically in Fig. 1, the slotted-array antennas consist of
one of the cylindrical conducting plate etched with a (large)
number of slots spread over the complete cylindrical plane,
which are fed progressively along the radial direction by
the leakage source generated by the resonator. Clearly, the
design of such an array antenna depends on the degree of
the power leakage (leaky-wave factor), the profile of the
slot arrays (dimension and geometry), as well as resonance
characteristics of the dielectric resonator. Therefore, a good
understanding of the leakage and resonance characteristics
featuring various parametric effects and geometrical shapes are
mandatory for effective performance analysis and successful
design of an application-specific array antenna such as a high-
gain requirement.

As opposed to the conventional NRD leaky-wave guide,
the new structure offers some complementary advantages. The
leaky resonant mode desired with an excellent omnidirectional
radiation pattern can be easily induced, and its operating
frequency and radiation impedance may be controlled by
adjusting the spacing between the two conducting plates. The
latter aspect is of great importance for a practical design.
Naturally, the cross-sectional shape and other parameters of
structure should also be considered as very important design
aspects.

In the cylindrical coordinate system, as indicated in Fig. 1,
any possible resonance may take place with three possible
kinds of modes with reference to the-direction: TE, TM,
and hybrid modes. In this paper, only the low-order resonant
modes will be studied and discussed. Under a leaky state, the
free-running oscillating phenomena can be simply described
by a complex resonant frequency. Electromagnetic fields have
a time dependence in which the angular resonant
frequency . In this complex frequency term,

is the oscillating frequency (operating frequency),
while stands for the decay factor (or energy leakage
rate). This is rather different from the guided-wave leakage,
as in the case of a leaky-wave NRD-guide for which the
leaky-wave factor is defined by the attenuation factor (loss)
of the propagation constant. In our case, the leaky-wave
factor is represented by (or ). Under certain
circumstances, the leakage factor may also be judged from
the resonance factor that is usually calculated from .
In the following analysis and discussion, only
will be used for simplicity.

B. Leakage and Resonance Modeling of
the Proposed Structure

Although some numerical techniques can be applied to
leakage and resonance modeling of the proposed structure with
arbitrary cross-sectional shape [12], [13], a simple and efficient
algorithm is developed in this paper with the semianalytical
scheme of the method of lines formulated in the cylindrical
coordinate. This technique is well known for its efficiency
and effectiveness compared to its counterparts for this kind of
structures.

As indicated in Fig. 1, the proposed cylindrical leaky res-
onant structures may have inhomogeneous layers featuring a
space variable dependence of permittivity . The modal
electromagnetic fields can be described by two-oriented
potential functions and , which should satisfy both
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Helmholtz and Sturm–Liousville differential equations, respec-
tively, such that

(1)

The electric- and magnetic-field components in cylindrical
coordinate are derived from

(2)

and, e.g.,

(3)

A nonequidistant discretization scheme along the-direction
is applied to the above differential equations considering the
boundary conditions related to the two metal plates and the
homogeneity in the azimuthal direction with

(4)

where denotes the modal order in therotated orientation.
As usual, two sets of a discrete line system in relation toand

can be arranged as shown in Fig. 2, interlaced with each
other, where the magnetic lines should coincide with different
dielectric interfaces. The effect of the inhomogeneity can be
effectively accounted for by setting up diagonal matrices
in the discrete domain. The discretization scheme ofat an
interface (see Fig. 2) where there is a dielectric discontinuity
is defined by

(5)

Therefore, the second-order derivatives ofacross the inter-
face can be written as (6), shown at the bottom of this page. As
detailed in [14] and [15], two orthogonal matrix transforma-
tions are applied to the discrete (vector or matrix) form of (1)
with . Both Helmholtz and Sturm–Liouville
equations are now cast into the following uncoupled ordinary
differential matrix equation in the transform domain:

(7)

with

Fig. 2. Discretization scheme and abrupt transition of e from "r1 to "r2
handled in the cylindrical-coordinate method of lines.

where is the free-space propagation, is the unit matrix,
is the difference operators for the second-order deriva-

tives [14], which implicitly involve the difference operator
for the first-order derivatives. The resulting matrices

are diagonal and contain the propagation constant in the radial
direction.

Considering an arbitrary cylindrical dielectric layer with a
thickness , as shown in Fig. 2, the above
equations have the following well-known solution:

(8)

with

in which and are a Bessel func-
tion of the first kind and Hankel function of the second kind,
respectively.

(6)
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A simple matrix relationship of the tangential-field compo-
nents , , , and between two different locations in
the same dielectric layer in the radial direction can be obtained
as follows:

(9)

with the following abbreviations:

(10)

Equation (9) consists of submatrices, , and , which are
given in the Appendix.

In order to formulate an indirect eigenvalue problem, we
impose the above-described continuity condition at each di-
electric interface and then successively manipulate a set of
matrix equations starting from the inner region. With (9), the
following typical equation can be derived for the interface at

, e.g.,

(11)

with defined recursively as

(12)

Invoking the remaining continuity condition, a trivial-field
coefficient characteristic matrix is obtained, and the complex
resonant frequency can be easily solved by

(13)

In this way, the leakage and resonance characteristics can be
derived with a series of calculations. In addition, the field
profiles can also be calculated by a technique of singular-value
decomposition (SVD) if necessary.

III. RESULTS AND DISCUSSION

Based on the above-described technique, an algorithm for
calculating the complex resonant frequency is developed and
the proposed leaky-wave cylindrical dielectric resonant struc-
tures with various cross sections are studied as follows. To
verify our modeling technique, an -band resonator discussed
in [13] is calculated and its results are presented in Table I,
showing a special case of our proposed geometries. A good
agreement is observed between our results and those presented
in [13]. In addition, a measurement for the low-order modes
is also made in this paper and experimental results further
confirm the validity and accuracy of our model.

An appropriate classification of modes in the proposed
cylindrical structures is usually difficult, considering different
possible cross sections and the existence of an air gap. In
the following analysis, the modes of interest are designated as

, , and for the three sets of-oriented
TE, TM, and hybrid modes in the coordinate . The first
subscript herewith features the variation of modal fields in
the direction while the second presents the order of resonant
frequency, and the third special index refers to a fraction of
half-period field variation along the-axis (this is usually the
case for an asymmetric structure in the-direction).

TABLE I
GENERAL COMPARISON AMONG THE CALCULATED RESONANT FREQUENCY

COMPARED WITH OUR MEASUREMENTS AND RESULTS OBTAINED BY USING A

BOUNDARY-ELEMENT METHOD FOR THELOW-ORDER MODES OF AN NRD
RESONATOR HAVING A CIRCULAR SECTION (ROD RESONATOR STRUCTURE)

OF RADIUS R = 11 mm AND A FIXED HEIGHT H = 12:3 mm WITH A

RELATIVE DIELECTRIC PERMITTIVITY "r = 2:53. (NOTE THAT ALL THE

CALCULATIONS ARE CARRIED OUT BY SETTING A RELATIVE NUMERICAL

ACCURACY OF10�18 FOR BESSEL ANDHENKEL FUNCTIONS AND 10�8

FOR (13), AND DISCRETIZATION OF 15 e-LINES ALONG THE z-DIRECTION)

To simplify the following discussion, two dielectric materi-
als (Polystyrene and Rogers’ )
are considered in this paper and calculations are presented
for basic resonant structures operating at- and -bands.
With such a consideration, the spacing of the two metal
plates is selected according to the basic requirement of the
NRD-guide, which guarantees a nonradiative condition if the
structure is symmetric with reference to the-axis. Fig. 3(a)
and (b) plots low-order-mode charts for different trapezoidal
dielectric structures as a function of the trapezoidal angle
. Naturally, the low permittivity dielectric resonance occurs

at higher frequency than its high permittivity counterpart, as
shown in Fig. 3. It is observed that the resonant frequency
of , , , and shows a slight
increase with in the trapped state while the resonance
of in the leaky state is much more pronounced.
Its leakage characteristics are depicted in Fig. 4 through the
imaginary part of the complex resonant frequency, indicating
that the leakage factor is significantly affected by. This
implies that the quality factor decreases and the structure
becomes more radiative if is selected as the operating
mode. This mode is radiative even for the symmetric topology

. This feature is interesting for antenna feeder design,
which usually requires the leakage level for an appropriate
power delivery between the two metal plates along the radial
direction. Usually, the feature (modal profile) of a free-running
resonance in a trapped state remains relatively stationary with
. This suggests that an appropriate leaky resonant mode can

be obtained by choosing a specific structure with a correct
excitation. It is very important to point out that a useful
leakage between the two plates is usually expected to be in
the form of a TEM-mode propagation, as in the case of a
leaky-wave NRD-guide. Nevertheless, any leakage other than
TEM-mode propagation generated by a structure may also be
useful for the design of a feeder as long as the signal-feeding
architecture yields an expected beamforming performance for
the designated antenna array.

As for cylindrical dielectric structures with an air gap
between the dielectric and one of the conducting plates, as
shown in Figs. 1(c) and (d), a trapped state can be effectively
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(a)

(b)

Fig. 3. Resonant frequency (trapped state) of low-order modes versus the
trapezoidal angle of dielectric resonators withD = 22 mm,H1 = 12:3 mm.
(a) In the case of Polystyrene material,"r = 2:53. (b) In the case of Rogers
TMM-3 material, "r = 3:27.

Fig. 4. Leakage characteristics ofHEM31� mode versus the trapezoidal
angle of dielectric resonators with the two different permittivities.

converted into a leaky state. Fig. 5 shows the influence of
the air-gap height on the resonant frequency and leakage
characteristics of mode (converted to the trapped
state) for both dielectric rod ( mm) and ring (

(a)

(b)

Fig. 5. Effects of the air-gap size on (a) resonant frequency and (b) leaky
factor ofHEM11� for dielectric rod (R = 0:0 mm) and ring (R = 5:0 mm)
with the two different permittivities (D = 22 mm,H1 = 12:3 mm).

mm) resonators while the space between the plates is fixed
( mm). Note that the ring structure may provide an
alternative for potential feeder design. An interesting feature is
observed in Fig. 5(b) in that the leakage reaches its maximum
value around mm for this specific geometry, meaning
a strong radiation. It is also found that the maximum values for
the two dielectric materials are offset slightly from each other.
In our case study, a higher dielectric permittivity provides a
higher radiation and the rod resonator is a radiator better than
its ring counterpart. On the other hand, the leaky resonance,
as indicated in Fig. 5(a), shows that a structure with lower
dielectric permittivity provides a higher frequency resonance
as opposed to its leakage characteristics. The ring resonator
also has a higher frequency resonance. In any case, it is not
surprising to find out that the resonant frequency of a leaky
resonance always shows a monotone increase with the air
gap, and such an increase seems to be accelerated once the
dimension of goes beyond 6.0 mm (the value related to the
maximum leakage).

To visualize the effect of dielectric-resonator size on the
complex resonant frequency, Fig. 6 gives a series of curves
for the resonant frequency and leakage factor of rod structure
versus the radius in the case of a fixed air gap. Generally
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(a)

(b)

Fig. 6. Influence of the radius of (a) cylindrical dielectric rod resonators on
resonant frequency and (b) leaky factor forHEM11� andTM01� with a fixed
air-gap size such thatH2 = 7:69 mm (D = 22 mm,H1 = 12:3 mm) in the
case of considering the two different dielectric materials.

speaking, the resonant frequency and leakage factor tend
to decrease with an increasing for the two modes of
interest and even though an optimum leakage
condition is found as mm for the mode . This
may indicate that an appropriate leaky mode can be generated
by a carefully selected geometry.

To determine the shape effect of the proposed resonators
on resonance and leakage, two separate figures of Fig. 7
plot a number of curves for the mode , showing
two special cases in connection with the trapezoidal cross
section ( , and ) for the two dielectric
materials in the presence of an air gap. Although a similar
behavior of the leaky resonance is found between Fig. 5 (the
rectangular cross section) and this case study, the trapezoidal
profile has a significant impact on the resonant frequency and
leakage factor. They are higher than those of the rectangular
counterpart. Also, the maximum value of leakage is obtained
around mm. Interestingly, this may point to the fact that
a maximum leakage (radiation) may take place if the height
of a dielectric resonator is roughly or closely one-half of the
spacing between the two plates for a given shape. It is seen
in this example that a larger angle does not necessarily yield

(a)

(b)

Fig. 7. HEM11� related resonance and leakage characteristics of a trape-
zoidal rod in the presence of a variable air gap versus the two different angles
for the two dielectric materials (D = 22 mm,H1 = 12:3 mm). (a) Resonant
frequency. (b) Leaky factor.

a stronger leakage and also that the maximum point may be
shifted toward a smaller air gap.

IV. CONCLUSION

This paper presents a first-band analysis of composite
cylindrical dielectric resonators having various cross sections,
which are proposed for use as feeders in the design of cylindri-
cally conformal slotted arrays suitable for high-frequency and
high-efficient omnidirectional/sectorial antennas. A modeling
strategy is developed with a scheme of the method of lines in
the cylindrical coordinate for calculating the complex resonant
frequency of the proposed topologies. This method is validated
by our experiments and by a comparison with the available
results for a special case.

Interesting features related to trapped resonance and leakage
property are presented and discussed in detail for low-order
modes. It is found that the trapped and leaky states are
interrelated, and the trapped state may be effectively converted
into its leaky state for a class of structures including dielectric
rod and ring resonators. In this paper, parametric effects of
the trapezoidal profile and air gap are studied along with a
number of examples, which show that an optimum strong
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leakage (radiation) may be obtained with certain geometry.
It is shown that a potential maximum can be generated by
an air gap of which the height is roughly or closely one-half
of the spacing between the two metals. It is also highlighted
that a larger angle of the trapezoidal cross section does not
necessarily yield a stronger leakage. Our paper suggests that
the leakage may be generated not necessarily in the form of
a TEM-mode propagation between the two metal plates, as
shown in the case of a leaky-wave NRD-guide. This points to
potential applications of fundamental and higher order modes
related leakage in cylindrical structures for the beamforming
network.

APPENDIX

As defined in (9), submatrices , , and are shown at
the top of this page, with
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